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A molecular Debye-Hiickel theory for electrolyte solutions with size asymmetry is developed, where
the dielectric response of an electrolyte solution is described by a linear combination of Debye-Hiickel-
like response modes. As the size asymmetry of an electrolyte solution leads to a charge imbalanced
border zone around a solute, the dielectric response to the solute is characterized by two types of
charge sources, namely, a bare solute charge and a charge distribution due to size asymmetry. These
two kinds of charge sources are screened by the solvent differently, our theory presents a method
to calculate the mean electric potential as well as the electrostatic contributions to thermodynamic
properties. The theory has been successfully applied to binary as well as multi-component primitive
models of electrolyte solutions. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4978895]
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A molecular Debye-Hiickel theory and its applications to electrolyte
solutions: The size asymmetric case

. INTRODUCTION

Solvation in ionic fluids is a fundamental problem and
has many applications to various processes in physical and
biological sciences such as protein crystallization,'™> sur-
face tension of ionic fluids,*® and electron transfer reac-
tions,”'? to name a few. It has been known for over a century
that an ion is perfectly screened by an ionic fluid as described
by the Debye-Hiickel (DH) theory.!’'?> Due to the mean
field nature of the DH theory, its applications are lim-
ited to dilute electrolyte solutions or weak coupling ionic
fluids.'?

Naturally there are various efforts to improve the DH
theory. For example, Stillinger and Lovett'* demonstrated
the existence of some general constraints for the distribution
function of ions in an electrolyte solution, where the sec-
ond moment constraint implies that the charge density would
become oscillatory decay for a large Debye screening param-
eter. Such oscillatory decay behavior of electric potential is
known to originate from the competition between the local
packing effect and the long ranged Coulomb interaction."
Based on a rigorous analysis from statistical mechanics, Kirk-
wood and Poirier'® and Outhwaite!”"!” demonstrated that the
electric potential, ®(r), of an ion can be expressed as a lin-
ear combination of multi Yukawa potentials, namely, ®(r)

= %rlw When the decay parameters k,, become complex
numbers, one naturally have the oscillatory decayed potentials.
Kjellander and coworkers??-?? developed a dressed ion theory
based on arigorous charge renormalization process of the Pois-
son equation. Such a scenario can also be understood using
the dispersion relations from the solutions of the Maxwell
equation.”>>*

Based upon the multi-Yukawa potential formulation, a
molecular DH (MDH) theory is developed for ionic fluids
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with any coupling strength.”* In our previous work,>* the
MDH theory is developed for a restricted model of ionic flu-
ids, where the cations and anions have the same size. The
physical picture of the MDH theory is that the electrostatic
response of an ionic fluid can be described by a linear com-
bination of DH-like modes, where each DH mode has its
own decay parameter which depends only on the bulk dielec-
tric function, whereas the linear combination coefficients can
also be determined from the dielectric function as long as the
solute size is close to the size of the solvent ions. Such a pre-
scription has been applied successfully to the various ionic
fluids.>>~28

In this contribution, we extend the MDH theory to the
size asymmetric case, so that the cation and anion of the elec-
trolyte solutions can have different sizes. It is known that
the size asymmetry leads to a border zone around a solute
ion, where the charge density is nonzero even for a neu-
tral solute.?>3 Such an observation implies that one should
account for the charge density induced by size asymmetry.
In the high temperature limit, we find that the charge den-
sity around a neutral solute reduces to a universal charge

density p;”(r) =3, niqigz.s(r) which can be evaluated with a

radial distribution gf’.s (r) of a hard sphere mixture. As a con-
sequence, the solvent will respond both to the bare solute
charge g; and the charge density p;’s(r) due to the size asym-
metry. Our theory is developed based upon this physical
picture.

This paper is organized as following: in Section II the
MDH theory for the size asymmetric case is formulated. The
electrostatic contribution to various thermodynamic proper-
ties of the ionic fluids is discussed in Section II. In Section III
the MDH theory is applied to various electrolyte solution
models. Finally the paper concludes with a brief summary in
Section IV.

Published by AIP Publishing.
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Il. AMOLECULAR DEBYE-HUCKEL THEORY FOR
BINARY ELECTROLYTES WITH SIZE ASYMMETRY

A. Model description of size asymmetric electrolytes

We use the binary size asymmetric primitive model of
an electrolyte solution as an illustrative example to develop
a MDH theory. A central ion tagged by i (or equivalently a
solute) is described by a hard sphere with a diameter o; and
a point charge ¢;. Let the elemental charge be eg, then the
central ion’s charge number is z; = g;/eg. The diameters of the
ions are additive such that the radius of contact between an ion
i and an ion j is o = (0 + 0)/2. The total particle number
density is n, the reduced inverse temperature is S = kBLT with
kp being the Boltzmann constant and T the temperature, the
dielectric constant of the background is €. The surrounding
ions (or equivalently the solvent ions) are denoted as species
1 and 2. As we focus on the size asymmetry in this paper, it
is assumed that 1 and 2 have the same absolute charge such
that g1 = —¢2 = g,. Let x; be the mole fraction, then x; , =1/2.
Furthermore, it is assumed that o > o, without loss of
generality. '

Let f(k)=[drf(r)e*™= [, f(r)4nr2$dr be the
three-dimensional Fourier transform of a function f(r). Let
gij(r) be the radial distribution function between species i and
J»one can use the correlation function 4;;(r) = g;;(r) — 1 toeval-
uate the total charge density p]’.(r) = q; 6 () + 212 qinihyi(r)
around the central ion j, where 63 (r) is the Dirac delta
function. Hence p;(k) = gq; + Xi=12 ginihij(k) in k-space.

A crucial observation in our formulation is that one can
split the charge density pj(k) around a central ion into a hard

sphere contribution pj’.”(k) = Y12 nqix,»h;‘is(k) due to the size
asymmetry and a contribution pj’. (k) = p]’. (k) — (g;+ p]}."' (k)) due
to the dielectric response of surrounding ions. It is noted that
in the high temperature limit 8 — 0, the system is reduced to
a hard sphere mixture, h]}.’l.s (k) can be evaluated from the system
at the high temperature limit, namely, limg_,o h;;(k) = h;’l.s k).

Hence,

hs — hs
lim pf(0) = g+ ) ngiihi(0) = g+ p ). (D
i=1,2

As pj’?“'(k) only depends on the ion size, even a neutral solute
can have a nonzero charge density pj’s(k), an explicit exam-
ple is given using the mean spherical approximation (MSA)
in the Appendix. Thus, one can treat g; and pj.”(k) as two
kinds of source charges of the solute, and then p’(k) = p’(k)
- (g; + ph‘(k)) can be viewed as the dielectric response to

the charge density g; + p’”(k) Such a physical picture is the
starting point to build our extended MDH theory for size
asymmetric electrolytes.

Some remarks on the charge density p;’S(r) are in order.
It is known that the correlation function hf.;.s(r) of hard spheres
can be evaluated using integral equations such as the Percus-
Yevick (PY) closure, from which one can find that phs(r)

= Mi=12 Nqixih
Q’” = fcr, o phs(r’)47rr’2dr and an electric potential at the cen-

S(r) Then a cumulative charge can be obtained

ter of the solute will be zp]].“ = [> P )47rr’2dr due to the

o
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Gauss theorem.>! As such a cumulative charge exists even
for a neutral solute and this charge is purely due to the size
asymmetry of the charged surrounding solvent particles, this
cumulative charge will be used later (see Secs. II B and II E)
to capture the size asymmetry of charged solvent particles.
Such an identification of two kinds of source charges for a size
asymmetric system forms the foundation of our development
of MDH for such systems.

B. Extended molecular Debye-Hiickel theory for size
asymmetric electrolytes

Let us focus on the electric potential @;(r) of the central

ion j, which is known to satisfy the Poisson equation’?

4 4
V2D;(r) = —E—”p,’m = —6—”[q,~6<3>(r) +p(Nl. ()

As indicated by the dressed ion theory, a rigorous charge renor-
malization process can be applied to the total charge density,
and then the electric potential in k-space can be rewritten as>%->*

K e(k)®;(k) = 4mpf (k), 3)

where €;(k) is the dielectric response function of the bulk
system and ij(k) is the effective charge density of the
dressed ion. The interested readers can refer to Refs. 20
and 24 for more details of the charge renormalization pro-
cess. An asymptotic analysis of the electric potential leads

3 ~knr
to @;(r) = 3, daffn e 20.24 where k,, are the roots of €;(k).

€frn T’
As a Yukawa potential & ™' can be viewed as a DH response
mode with V2@, (r) = k2 qbn(r), the asymptotic expansion moti-

vates us to approximate the dielectric response of an electrolyte
with multi-DH-like modes, i.e., the electric potential ®;(r) is
expanded as a linear combination of DH-like modes,

Dj(r) = " Cinhjn(r), @)

where {Cj,}s are the linear combination coefficients to be
determined. The electric potential ¢;,(r) is the solution of a
DH equation with a decay parameter k,,

4
V2 gn(r) = _E_ﬂ‘Zj(S(S)(r), r<op,
N
An
V2 gin(r) ~ ——,0 6(r—ag), op<r<b, O
V2¢jn(r) = kn¢jn(r), r>bj’

where b; = (0j+0712)/2 is an effective size of the solute. Natu-
rally such an effective size choice is not unique, but our results
are not sensitive to the choice. In the above equations, a surface
charge density p/*8(r — a) is used to mimic the hard sphere
charge density phs(r) We take phs(r) ~ p5(r — ag), where
the two parameters are determmed via pl = (z,b;”)2 / (47rQ;”)
and ag = Q;’S/z,//;”.

Egs. (4) and (5) are the main working equations for the
MDH theory of size asymmetric electrolytes. According to
the above equations, a central ion j is characterized by g; and
P"(r), while the dielectric response of the surrounding ions is
described by a set of DH-like modes with a decay parameter
ky. In general, the linear combination coefficients {C;,} are
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solute-dependent, so that the cations and anions of the sol-
vent may have different {C;,}. In the range of ojp <r <b;
in Eq. (5), it is also possible to use the term p;(r) instead
of pj.”(r) to build the MDH theory, and then one may find
a new set of {C i1}. However, as p;(r) actually depends on
the solute charge ¢; and also contains the dielectric response
of the solvent beyond the hard sphere charge accumulation
due to the size asymmetry, such a convoluted effect pre-
vents us from developing a simple MDH approach using
pj(r).

According to Egs. (4) and (5), the mean electric potential
®(r) outside the core is a linear combination of multi-Yukawa
potential,

o Ly (g + QF)Cin o~k =by)
f(r)_; e(L+kb) 7

where L is the number of adopted DH modes, Qf.” is the cumu-

, r> bj, (6)

J. Chem. Phys. 146, 124118 (2017)

hard core, Eq. (5) can be solved with appropriate boundary
conditions

D;(r) = + Wi, 0<r<ojp,
hs . hs L
qj + Qj qi* Qj Cjnkn
d; — — s 0y < < b4’
() €57 €5 1 1 +kyb; =T
@)

where the induced electric potentials ; is defined as

Y G40 & Gk
I e €5 1+ kb’
n=1 E

®)

C. Induced charge densities and the dielectric
response function

According to the Poisson equation Eq. (2) and the MDH
theory equations Egs. (5)—(7), the induced charge density

late charge due to asymmetric hard sphere sizes. Inside the p]’.(r) = p;(r) - p;”(r) from MDH theory is
|
pi(r) ~ r < bj,
. hs L 2 ko (r—b:
q; +0O; Cik2  e~hn(r=b) 9)
__qu) _ J jnkn ’ bi,
pi(r) = i) == LUt kaby) 7 >0

where the weak dielectric response inside the solute cavity is
neglected. The three-dimensional Fourier transform pj’.(k) of

pj’.(r) is

hs .
= [T1TG ZL: Cok_ 000 sinhr) -2,
Pi b Ar L (+kby) 1 kr

i

L
== > (g + Q)Cdfullj, ), (10)
n=1
2 o si .
with fu(o, k) = 1= ]’(‘ — cos(k )l;kj I:;na“r)/ k. The charge density

pj(k) = P (k) + p’”(k) due to the induced charge density and
the cumulatlve charge density from size asymmetry can be
evaluated as
L
pil) = pl(k) = D (g + Q) Cinfulby ). (1)
n=1
It is easy to check that the perfect screening condition
p;(k =0)=0 is satisfied as long as ZI,Z=1 Cj, = 1. Given the
charge density p;(k) from other methods such as integral equa-
tions or simulations, fitting p;(k) using Eq. (11) will lead to a
set of coefficient {C}, } for the solute j.

For a pure solvent, when pj(k) and p(k) of the
solvent species are fitted to Eq. (11), one can get the
coefficients {Cy,} and {Cz,}. Using Eq. (11) for the
charge density, one can find an analytical expression for
the response function y(k)=1-¢5/€/(k). It is known

47{,Bne% . .
that y(k) = —7"S:;(k), where S (k) is the static charge
structure factor S, (k)= >; zile- +n Y Xixjzizihi(k) = X zizxi

+ X ZiXi p,~(k).15 With these relations, it is straightforward to
find that

(

4
k) = ”ﬁ

= > qixilgi+ pl k) - Z(q, + O Cinfo(bi ),
i=1,2

(12)
which can be shown to reduce the results of Ref. 24 for size
symmetric cases.

D. Electrostatic contributions to thermodynamic
properties: |

As long as the mean electric potential ®;(r) is determined,
one can calculate electrostatic contribution to the excess ther-
modynamic properties. With the induced electric potential y;
at the center of the ion j given by y; = lim,_,o[®;(r) - q’ -1, the
excess internal energy u * for the ion j can be evaluated as?

L ﬁ/ q/p,(r) oy — ﬁq;ﬂj‘ (13)

Combining Eqgs. (8) and (13), the excess internal energy reads

st = Bt By i () + Q1 )Cinks
Y 2¢€; 2€; o 1+ k,b;

An interesting observation is that the mean spherical approx-
imation (MSA) of electrolyte solutions leads to similar func-
tional dependence of the excess internal energy as ﬂuf"

ﬁq] (

(14)

I +F(r + wjf ), where I is the energy parameter, zpj' is

an 1nduced potential which is independent of the ion charge.?
For the convenience of the readers, some main results for ther-
modynamic properties from MSA theory are summarized in
the Appendix.

Let us consider the dilute limit where hfj’?(r):—l for

r<oj and hf]l:‘(r) = 0 for r > 0. The first decay parameter
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ki is reduced to the conventional Debye parameter kp

4nBn X;
= [AmBnZiiang; .By usingay =b 4’,70](13

_ 2 _ 2
< =21qama (0 = 05)s

and QJ’?S = w}”bj, the excess internal energy reads

2
Bamgiqa(oy —oa) by Ba;  kp
€s 1+ ka/ 2e¢, 1+ ka, ’

pu* = (15)
As a comparison, the excess internal energy from conventional
DH theory is given by'!

Ba  k

ex J D
e , 16
P = e TH ko, (16)

where the contribution of solvent size asymmetric is absent.
As one can expect, DH theory is valid only in the dilute limit
where the effect of size asymmetry can be neglected.

With the electric potential from MDH theory, electrostatic
contributions to other thermodynamic properties can also be
evaluated. For the primitive model, the van der Waals interac-
tions are neglected and then the excess chemical potential of
the solute j can be written as>!-3?

B = Bul™ + Bus, (17)

where 1/ is the cavity formation free energy of a neutral solute
in the solution, which can be evaluated either from direct calcu-
lations such as virial expansions, perturbation theory,'” scaled
particle theory,>** or the morphological thermodynamics
theory.36-37

The electrostatic part of the excess chemical potential
of species j can be evaluated from a Kirkwood coupling

process,32

1
pH = B”Zx"/o df/d" Ul (r)gy(r; )

ele

1
= ﬁ/o déqiyi(€qp), (18)

where 0 < £ <1 is a coupling parameter and £g; is the charge
of the partially charged j ion. ufjle(r;f) = ¢ % is the pair
interaction between a partially charged solute ion j and a sol-
vent ion of species i, while other solvent particles interact
fully with each other. g;;(r; &) denotes the radial distribu-
tion function of solvent species i around the partially charged
j ion, and yi(ég;)=Bn Y, x; [ dr ufj[e(r)gij(r;f) denotes the
induced potential of the partial charged j ion. Unfortunately,
the evaluation of ;(£g;) cannot be done by using the linear
combination coefficients {Cj, } obtained in Sec. II C since the
coefficients {Cj,} come from the dielectric response of two
different kinds of charge sources, namely, the bare charge of
the solute and the cumulative charge due to the size asymmetry
of charged solvent particles. Sec. I E will present a detailed
discussion and a resolution on the two kinds of dielectric
responses.

E. Two sets of response coefficients as a consequence
of two types of charge sources

In general, the MDH theory can be used to predict the ther-
modynamic properties of a single ion. As one can see from
Sec. II D, the excess internal energy ﬁu]‘?" is a simple linear
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function of {g;Cj,} while the excess chemical potential
{B ,uje.x} cannot be expressed as a simple function of {¢;C;,}.

To illustrate two different kinds of dielectric responses
to the two types of charge sources g; and p;”(r), let us con-
sider a pair of conjugate solutes tagged by j and j., where
the solute size is 0j =07, and the solute charge is g; =—gje.
The asymmetric and symmetric part of the charge density
and the electric potential can be evaluated as pj‘.”s(k) = (pj’.(k) F

p (k))/2 and (D‘”(k) (@j(k) F @, (k))/2. It is easy to check
that electric potentlal <D“ ¥ (k) satrsﬁes the Poisson equation
as V20U(r)= - & [q,(s@)(r) +pf(r)] and V2®3(r) = = Z p3(r).
Followmg the procedure of MDH theory, one can 1ntro—
duce two sets of coefficients as {Cj‘; 1, and the 1nduced
charge density can be evaluated as p"(k) == 2.qC} ”f (b

and pi(k) = p’“(k)— S Q’”C‘i n(b,,k) namely, the symmet—
ric response 1s due to the charges from the size asymmetry
whereas the asymmetric response is due to the bare charge
of the solute. Note that p;(k) = pj(k) + p}’(k), one should have
PR = 2(q; + Q) Cinfulby. k) = PP (k) = X, Q1 C; fulbj k)
- 2nqiC /“ Jn(Dj, k) and then we can find the following relation:
(qj + Q" )Cin = ;C;

Combining Egs. (8) and (19), the induced potential can be
written as

th CS (19)

v Ly (g5 Gy + O C Dk 2
vi= e_s_e_snzl L+kiby @0

According to the procedure to derive Egs. (19) and (20),
one may need to introduce a fictitious four-component system
for a binary pure solvent. So we adopt an approximate solution
presented below to simply the application. For a solvent with
moderate size asymmetry, we assume that C;>* for the solvent
ions j=1,2 are the same, i.e., C{, =C5 —Cé ¢, =6, =G,

In n’
then one can find the following constralnts for C

(g1 +0")Cy, = +0MCs,
(g2 + Q)Cay = @2 CY + Qéfc;.

This linear equation can be used to evaluate Cy”*. Such a strat-
egy is not confined to the pure solvent case, but to any tagged
pair of charges ions. In Sec. III we will show that such a strategy
works very well.

2y

F. Electrostatic contributions to thermodynamic
properties: Il

Now with the two sets of response coefficients, we are
able to evaluate the electrostatic part of the excess chemical
potential ,u;le,

e

ele ! ﬁqjlﬁ]
B =ﬁ/0 déqiyi(&q)) =

€y

(q;C5, + 2Qh‘CY Yy,

By

- , 22

26, Z 1+ kb, 22)

= ele . wj}”

where  yi(éq) = pn Tixi [drui(ngy(rié) = L
CcY + hJCr kn

_é - A e T 15 5 % denotes the induced potential of
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the partial coupled j ion. In the above derivation, we use the
assumption that {C;lr;‘v} is independent of the solute charge.
As the response to the bare charge g; and the response
to the p;.”(r) are different in general, introduction of {Cj“,f}
is crucial for the chemical potential calculation. If we simply
assume that {Cj} is independent of the solute charge g;, the
predicted chemical potentials would not be accurate. Further-
more, one can see that our MDH theory leads to a chemical
potential calculation procedure using a single thermodynamic
state, i.e., for a fixed solvent density and fixed temperature,
we only need to know {C;*} and {k, } and will be able to pre-
dict the chemical potential S8 /1?"2. Such an idea can be easily
extended to a solute with arbitrary geometry. As a comparison,
the conventional method for chemical potential calculation
needs to know the excess internal energies U**(f3) for a series
of inverse temperature S (or different coupling strength via
the Kirkwood coupling route). U*(8) can be used to con-
struct the excess Helmholtz free energy BA“* based on the
thermodynamic relation SBA®* = ff U“(B)dp, and then the

chemical potential 8 ,u]e.x can be determined via 8 ,u;x = a,gn ay
J

Though other theories such as the mean field lattice gas the-
ory,*#! the Poisson-Boltzmann theory, the integral equation
theory, and the density functional theories can also be applied
to solvation problems, the route could be different. The cor-
relation functions need to be solved first and then one can
calculate the solvation energy. One may also note that the appli-
cation of these theories is much more numerically involved
once the solute geometry goes beyond spherical, planar, or
cylindrical.

It would be of interest to see the main difference between
the mean field lattice gas theory and our MDH theory.
The mean field lattice gas theories are essentially the mod-
ified Poisson-Boltzmann theory with appropriate boundary
conditions. Therefore, they are mean field in nature unless
some loop expansion is included using field theory tech-
niques, but it is not clear to these authors how other mean
field solutions can be included in this kind of approach.
Our MDH theory is a formulation to use multiple mean
field solutions to approximate the exact solution of a sol-
vation problem in an ionic fluid. In this case, the solvation
problem is reduced to a linear combination of electrostatic
boundary problems with Debye screening lengths deter-
mined by the response function of the neat ionic fluids.
Our MDH theory is applicable to the solutes with general
geometry and charge density and has been tested for several
systems.zs‘28

With the above excess properties, it is possible to
evaluate other thermodynamic properties of an electrolyte
solution. The averaged excess internal energy per particle
is

ﬁ Uex
N

= B = in Bus~. (23)

i
The average excess chemical potential reads

ﬂ Gex
N

= B = ) xiBus. (24)

i

The pressure can be evaluated by the virial equation as
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BP n s P
Sos e ) xgepog -, (25)

" ij=12 3
where g;;(c;;) can be evaluated by the exponential approxima-
tion or integral equation method.'>

G. Prescriptions to determine the linear coefficient
{C3°} of the pure solvent

With the above equations, one can build the MDH theory
using the following procedure:

(1) {ky,} is determined with the dielectric function €;(k)
or equivalently y(k)=1 — % of the bulk system,
which can be calculated using h;;(7) from various the-
ories such as integral equation theory or molecular
dynamics simulations. Note that y (k) in most case
is not analytically known, an empirical function y (k)

2
= k4+(a1k2—az)CZ?(I;cb)+a35in(kb)+a2 can be used to fit the
response function y(k), and then the pole k = ik, can
be determined by solving k* + (a1k?> — ay)Cos(kb) +
a3Sin(kb) + a; = 0 numerically.?”-?
(2) The hard sphere contribution to the charge density
p;”(k) =nY,; q,-xihz.s(k) can be evaluated using the ana-

Iytical correlation function hfj’.s(k) from the Percus-
Yevick (PY) theory or other integral equation theory for
hard sphere mixtures,'> and then the cumulate charge
Q]}.'SE f pj’?s(r)47rr2dr and the electric potential w;”

hs
=f p-"T(r)47rr2dr can be determined. The parameters o
and ay of the effective surface charge are evaluated by
ol = (t//;’s)z/(47rQ]’.”) and ay = Q}’.’s /:,l/;”. Furthermore,
we chose bj = (oj+012)/2. '

(3) The coefficient {C;*} can be determined using the MDH
theory as prescribed in Sec. II. Namely, fitting p; »(k) of
the solvent species with Eq. (11) leads to Cy,, and Cy,,
which can be further used to evaluate {C”*} according to
Eq. (21). In both cases, the charge neutrality condition

L_ Cju = 1 should be implemented as a constraint.

After these three steps, all the parameters of the MDH
theory of the pure solvent are determined. As will be shown in
Sec. I, this strategy leads to very satisfactory charge density
profiles as well as excess thermodynamic properties.

lll. APPLICATIONS TO ELECTROLYTE SOLUTIONS

To demonstrate the validity of our MDH theory, we apply
our theory to the electrolytes with moderate size asymme-
try. Specifically we test our theory against the mean spher-
ical approximation (MSA)* and hyper-netted chain (HNC)
approximation of electrolyte solutions, where the excess inter-
nal energy Su¢* and the excess chemical potential ,B,u;."" are
known. We follow the procedure described in Sec. II to eval-
uate the parameters in MDH theory, which is further used to
evaluate the thermodynamic properties according to Eqs. (14)
and (22). We will show that typically two or four DH modes
are capable of predicting the excess thermodynamic proper-
ties accurately. When the electrostatic coupling becomes very
strong, one may need more DH modes in the MDH calculation
given that there is no higher order poles or branch cut in the
response function.
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A. Tests against the mean spherical approximation

As the first test case, we consider the mean spheri-
cal approximation®® for primitive models, which leads to
analytical results for the dielectric function, excess energy,
and other excess thermodynamic properties. As shown in
the Appendix, one may also note that there are two routes
to compute the excess electrostatic chemical potential ,8;1;?)‘
as shown in Egs. (A10) and (Al1l). Due to the thermody-
namic inconsistency of the MSA theory, these two routes
lead to different results. Even though our numerical cal-
culation shows that the results from these two routes are
in excellent agreement with each other, e.g., for an elec-
trolyte solution with gs =1,€6,=1, 8=1,012=1,0.5, the rel-
ative difference between the result from Eq. (A10) and that
from Eq. (A11) is no more than 1 percent in the range of
0.002 < n < 1.4. Such an observation implies that one can
either use Eq. (A10) or use Eq. (Al1) to evaluate the chem-
ical potential from MSA. In this study, we chose Eq. (Al11)
from MSA as a benchmark to test the accuracy of our MDH
theory.

Consider a binary solvent with parameters g; = 1, €; = 1,
B =1,and o, = 1,0.5. The total particle number density 7 is
taken as a control parameter, with which the Debye parameter

2
is evaluated as kp = @. For 0.002 < n < 1.4, one can

find that 0.159 < kp < 4.f9. Two DH modes L = 2 are used
for kp < 2 and four DH modes L =4 are used for kp > 2 during
our calculations.

To demonstrate that our MDH theory is capable of eval-
uating the induced charge density, we calculated pj.(k)
for total particle density n = 0.7 where the Debye param-
eter is kp~2.97. Using the dielectric response function
x (k) evaluated using h;;(r) from MSA theory, the first four
decay parameters are found to be kj»=3.319 +3.643i and
k34 =6.085 £ 14.914i. Using the PY theory, it is found that
O, =-0.488,-0.237 and ¢, = —0.726,-0.531.

" Given the two charge densities p12(k) from MSA, we
evaluate the coefficients of solvent species i=1, 2 accord-
ing to the MDH theory. It is found that C{, = 0.435 +0.238i,
C3,=0.065 ¥ 0.170i and C} , =0.415 + 0.834i, 3 , =0.085
F 0.231i. These parameters lead to ﬁu?f2=—0.642, -0.461

and ﬁ;fil;:—O.SIS,—OBOS. The MSA theory gives /314?"2

=-0.644,-0.464 and ﬁpﬁfg =-0.815,-0.308, which are
almost indistinguishable from our MDH results, namely, the
difference between the MDH theory and the MSA results is
no more than 1 percent.

Furthermore, the microscopic structures of the electrolyte
solutions can also be evaluated using the MDH theory. As long
as {k,} and {C;;°} are determined, p;,(k) can be evaluated
using Eq. (11). The calculated charge density profile pj2(k)
is shown in Fig. 1. As one can see, the MDH theory does
lead to charge density profiles that are in good agreement with
the ones from the MSA theory and hence confirm our fitting
strategy for {Cy"*}.

The excess internal energies Su;™" and excess electrostatic
chemical potentials 8 ,ufle as a function of the Debye parame-
ter kp are shown in Fig. 2. As one can see, MDH theory are
in very good agreement with MSA theory, i.e., in the range of
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(b) The induced charge density p;(k) for the anion i = 2

FIG. 1. Induced charge densities around the solvent species in the k-space.
The results from MSA are denoted by filled symbol, while results from our
MDH theory are denoted by hollow symbol. The lines are guides to the eyes.

0.159 < kp < 3.54, the relative difference between MDH the-
ory and MSA is less than 4 percent for solvent species i = 1,
2. As a comparison, the results from conventional DH theory
are also shown. DH is not reliable for electrolytes with strong
electrostatic coupling, where the difference between DH the-
ory and MSA can be as large as 41 percent and 18 percent for
solvent species i = 1, 2 at kp =~ 3.54. One should also note
that MSA and MDH theories indicate that fu{* < pus* for
large kp, while DH predicts that Su{* > Bus" and hence is
qualitatively wrong.

B. Test against HNC theory of electrolyte solutions

In this section, we present the test of our theory against the
HNC approximation, which is known to yield very accurate
thermodynamic properties of primitive models.** HNC theory
is used as an input to evaluate the response function y (k) and
the charge density p;= 2(k), which is further used as an input to
evaluate {k,} and {C;;’}. The excess internal energies Bus*
from MDH theory are evaluated according to Eq. (14). The
excess electrostatic chemical potential 8¢’ from HNC can be
determined with two routes. The first route is to use Eq. (17).
Denote ,B,uj.x and ﬂ,u]’.” as the excess chemical potential of an
ion and a neutral hard sphere with the same diameter. Then
with 8 ,u]e.x and 8 u]}.” from HNC theory, the excess electrostatic

chemical potential can be evaluated as S = Bus* — Bul”.
The second route is to use the Kirkwood charging process as
discussed in Secs. II D and II F. The induced potential y;(¢g;)
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(b)Excess electrostatic chemical potentials Su$*

FIG. 2. Excess thermodynamic properties of a binary size asymmetric elec-
trolyte with o1 » = 1, 0.5. The results from MSA are denoted by filled symbol,
while our MDH theory is denoted by hollow symbol. The lines are guides to
the eyes.

for a partially charged ion with charge £g; can be determined
from HNC theory, which is further used to calculate Buc*
according to the first part of Eq. (22). Our numerical calcufa—
tion shows that the typical relative difference between these
two routes is about 1 percent, so one can conclude that those
two routes are in very good agreement with each other. In the
following part of this subsection, 8 u;.lg from the first route will
be used as our benchmark.

The parameters used for a binary electrolyte solvent are
gs=1,e,=1,5=1,and o, = 1,0.7. We take the total parti-
cle number density n as the control parameter, with which the
Debye parameter is evaluated as kp = 4"6—@3. The excess
internal energies Bu;™ and excess electrostatic chemical poten-
tial g8 ,uf.le are shown in Fig. 3. Again, good agreement between
our MDH theory and HNC theory is found. MDH theory dif-
fers by HNC up to 4 percent for solvent species i = 1, 2, while
DH theory overestimate the excess internal energy by about
38 percent and 5 percent for solventions i =1, 2 at kp = 3.54.

C. Application to the solvation processes
in electrolyte solutions

In Subsections III A and III B, we show that the MDH
theory is very accurate in evaluating the thermodynamics of
pure solvents. In this section, we show that the MDH theory
can also be used to study the solvation problem. The central ion
Jj is the solute. As presented in Section II, as long as we know
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FIG. 3. Excess thermodynamic properties of a binary size asymmetric elec-
trolyte with o7y » = 1, 0.7. The results from HNC are denoted by filled symbol,
while our MDH theory is denoted by hollow symbol. The lines are guides to
the eyes.

{k»} and {Cﬁf}, we will be able to evaluate the electrostatic
contribution to the excess chemical potential. In general, one
can expect that {C]f;"?} depends both on the solute size and the
solute charge. We would like to show that {Cj fif } is not sensitive
to the ion charge g;, and hence {C;l’s} for a pair of test ions with
¢34 = %=1 can be used to predict the thermodynamics of other
ions with the same size but different charges. We use p34(k)
for a pair of test ions with gj—3 4 = =1 as an input to get {C3,, }
and {Cj4,}, which can be further used to determine {Cfn’s },ie.,

(@3 +45)Can = 43C;, + 45°C, o6
(@4 +q}")Can = qaC + 4 C,.

Then the sets of {C]f‘n’S} are used to evaluate the excess chemical

potentials 8 pj’e of ions with the same size but different charges

according to Eq. (22).

Consider the solvation of a pair of dilute conjugate
ions j=3, 4 that immersed in a binary primitive electrolyte.
The parameters of the pure solvent are S=1,e,=1,4q12
=+1,012=1,0.7,n=1.0. The ion diameter is 034 = 0, and
the ion charge is g3 4 = +q,. In this case, the electrolyte is
in the high electrostatic coupling case, where kp =~ 3.54. The
dielectric response function y (k) from HNC is fitted to the
empirical function, from which the first four decay parame-
ters are kj» =2.573 + 3.493i and k3 4 =6.703 + 16.333i. The
hard sphere correlation function hf]l:v(k) is evaluated with the



124118-8 T. Xiao and X. Song
0
2
o
.
1 -
4
-6 . -
—a— j=3-HNC
—o— j=4- HNC
8F | j=3-MDH .
—O— j=4-MDH
10+

n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1
00 05 10 15 20 25 3.0 3.5 4.0
o

FIG. 4. Excess electrostatic chemical potentials ﬁyjele for the solute j = 3, 4
as a function of the solute charge g,, where the solute size is o, = 1. The
results from HNC are denoted by filled symbol, while our MDH theory is
denoted by hollow symbol. The lines are guides to the eyes.

PY theory, which is used to evaluate the two parameters ij.”
and ;l/;‘s.

As the first case, the central ion size is fixed to be o, = 1.
The MDH theory is applied to a pair of test ions with g, =1,
where the linear coefficients are found to be qu,z =0.270
F 0.293, C;l3,4 =0.230 +0.038;, C;] 2 =0.659 % 0.027i, and
C;3,4 =-0.159 ¥ 0.321i. Excess chemical potential ,Bu/‘f[e as
a function of the ion charge g, is shown in Fig. 4. As one can
see, the accuracy of MDH theory decreases a little bit as the
ion charge g, increases, which implies that nonlinear response
could play a role for ions with high charges. Nevertheless, the
MDH theory still leads to very accurate solvation energies,
e.g., the relative excess chemical potential difference between
MDH theory and HNC theory is no more than 5 percent even
for qo=4.

As the second test case, the central ion size is fixed to
be 0, =3. When applied to a pair of test ions with ¢, = 1,
the MDH theory leads to parameters as Cj“] L= 0.231 #
0.2811, Cj.“l4 =0.269 ¥ 0.008i, C/.SL2 =0.602¥0.354i, and C/‘.‘&4
=-0.102 ¥ 0.195i. For fixed ion size o, = 3, excess chemical
potential ,B,uj‘?le as a function of the ion charge ¢, is shown
in Fig. 5. Again very good agreement between the MDH the-
ory and the HNC theory is found, i.e., the energy difference

-1

ele

By

]

-2

-3

—m— j=3-HNC
—e— j=4-HNC
—— j=3 - MDH

41

Sl j=4 - MDH
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9o

FIG. 5. Excess electrostatic chemical potentials ,Bujele for the solute j = 3, 4
as a function of the solute charge g,, where the solute size is o, = 3. The
results from HNC are denoted by filled symbol, while our MDH theory is
denoted by hollow symbol. The lines are guides to the eyes.
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between MDH theory and HNC theory is less than 3 percent
in the range of 0 < ¢, < 4.

We have also test our MDH theory for binary electrolytes
with different parameters. As long as the reduced temperature
B and size ratio o1 /o, are not too large, MDH theory leads to
very satisfactory results compared with the HNC theory and
the results are not shown here.

IV. CONCLUDING REMARKS

In conclusion, a molecular Debye-Hiickel theory for elec-
trolytes with size asymmetry is developed, where the dielectric
response of an electrolyte solution is described by a linear com-
bination of Debye-Hiickel-like response modes with decay
parameters {k, }. As the size asymmetry of electrolytes leads
to a charge imbalanced border zone around a central ion, an ion
Jj is characterized by two types of charge sources, i.e., a bare
solute charge g; and a hard sphere contribution to the induced
charge density p;”(k). These two kinds of charge sources
are screened by the surrounding ions differently, from which
the multi-Yukawa electric potential as well as the electro-
static contributions to thermodynamic properties are obtained.
Therefore, our model could discriminate the solvation energy
of an ion with positive or negative charges and is successfully
applied to binary as well as multi-component primitive models
of electrolyte solutions.
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APPENDIX: THERMODYNAMIC PROPERTIES
OF A PRIMITIVE ELECTROLYTE MODEL FROM
THE MEAN SPHERICAL APPROXIMATION

For the convenience of the readers, we summarize some of
the key results from the mean spherical approximation (MSA)
of a primitive electrolyte model,>>*? which are closely related
to the MDH approach presented in our report.

Consider a primitive model of electrolyte solutions. For
species i, 0, ¢q;, and n; are the hard sphere diameter, the
point charge, and the particle number density, respectively.
The dielectric constant of the background is €. The total par-
ticle number density is n = }; n;, and the mole fraction of
the i-th species is x; = n;/n. T is the temperature, kp is the
Boltzmann constant. Then the reduced temperature is 8 = kBLT,
the Debye parameter is kp = M.

The main feature of MSA theory is that the thermo-
dynamic properties of an electrolyte can be expressed as a

function of an energy parameter I'. The parameter I can be
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determined numerically by solving the following equation:?

=k, Zm(q, )2/[<1 +ail)’ Y mapl, (A1)
k
where the functions are defined as
=1-- Z I’lkO'k,
Qo1 I M A2
=14+—
2A 1+l o’ (A2)
P, = 15 semea
Q T 1+ 04T
The excess internal energy per particle from MSA is*?
e _ 9iBi g qil’ 0
= —— = —(——=+B8)). A3
p; € ES( 1+o0,T ;) (A3)
where the parameters are defined as
X2= ) it
k
N = qil’ nP, oI’
T l+o T 2A L+l
_ 3n X2 3
A= Azk: moiNg = == Zk: oy, (A4)
Bi= N X (ys+ 2A)
= 1 4A Xz 3 )
P, ol b 2
BY = lim,_oB; = - =2 —"— — —(x2+ =A).
P = limg—oBi = = T o T a2t 3
The induced electric potential ¢; = lim,_o[D;(r) — %] for the
ion i can be evaluated with B; as®
2B; 2gi T 2B°
yi= "t =-A - (AS)

€ e 1+ol €

BO
For a neutral solute with g; = 0, the induced potential —* is

nonzero, which is due to the size asymmetry of the charged
solvent particles. Such a property measures the charge density
p;.”(r) purely due to the size asymmetry of the electrolyte ions
and is coincided with our Eq. (8) presented in Sec. II. The
excess internal energy of the system is*

g*nl nQP2
-2 (A
(Z 1+ O',F 2A ) (A6)

The electrostatic contribution to the excess Helmholtz free
energy BA° can be evaluated as®

BU = ) miuf" =

i

— A7
I (A7)
The electrostatic contribution to the excess osmotic coefficient
¢ is found to be?
A(BA* In) rr 1 apP,
=n

= on — |r=const = % - %( A

B
BAelez/O Uex(ﬂ)dﬂZﬁUex+

P, (A8)

4

with a2 = Lﬁ, and then the mean activity coefficients Iny,,

can be evaluated as®>
ﬂAele ﬁUex 1 aP, )
+¢p=—— —(—)".
¢ n 8n( A )

Iny, = (A9)
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The excess chemical potential can evaluated from two
routes. For the first route one can evaluate the excess chemical

potential based on 8 ,u 6@“ where the result is found to
be 42
B ele _ 6:8Aele| ﬂ%[ ‘br
Hi = on; ['=const = € 1+o;

3 3

nP (o
+2BY + (=5 (= - —L—). (A10
( ) ( T+To ). (Al0)

For the second route, one can use the Kirkwood charging
process as shown in Sec. II to evaluate the excess chemical
potential as

e —,Ban,/ df/dl' ugl® (r)gyj(r; €)

i il
=5 [ dequiteay = 200

One may note that Eqs (A10) and (A11) differ by a term of
Bq[ (ﬂPn) (

+2BY).  (All)

- T +l"o' ), which is due to the thermodynamic

1ncon51stency of the MSA theory, but the presence of the 23?
term reflects the size asymmetry effect in both routes which
motivates our two types of charges response strategy developed
in Sec. II. On the other hand, numerical results indicate that
the results of Eqs. (A10) and (A11) are in good agreement with
each other, where the typical relative difference is about one
percent.
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